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Abstract 

Most of the special functions of mathematical physics are connected with the representation 
of Lie groups. The action of elements D of the associated Lie algebras as linear differential op- 
erators gives relations among the functions in a class, for example, their differential recurrence 
relations. In this paper, we apply the fractional generalizations D'^ of these operators developed 
in an earlier paper in the context of Lie theory to the group S0(2,l) and its conformal exten- 
sion. The fractional relations give a variety of interesting relations for the associated Legendre 
functions. We show that the two-variable fractional operator relations lead directly to integral 
relations among the Legendre functions and to one- and two-variable integral representations 
for those functions. Some of the relations reduce to known fractional integrals for the Legen- 
dre functions when reduced to one variable. The results enlarge the understanding of many 
properties of the associated Legendre functions on the basis of the underlying group structure. 

1 Introduction 

The classical special functions (Jacobi, Gegenbauer, Legendre, Laguerre, Bessel, and Hermite func- 
tions) are all connected with the representation of Lie groups ||, ^, |4| , or more generally, to the 
realization of their Lie algebras by linear differential operators D(w^ dw) acting on functions of the 
variables w. In particular, the special functions appear as factors in the multivariablc functions on 
which the action of the Lie algebra is realized. Many of the properties of the special functions are 
easily understood in this context. For example, the differential equations for the special functions 
are connected with the Casimir operators of the associated groups. The actions of appropriate el- 
ements D of the Lie algebra lead, when reduced to a single variable, to the standard differential 
recurrence relations for the functions, while the action of group elements e~'^ can be interpreted 
in terms of generalized generating functions when expressed using a Taylor series expansion in the 
group parameter t. Numerous examples are given in |^. 

The differential recurrence relations for the special functions are schematically of the form 
... = cFa±i,... where the a's label the realization of the Lie algebra and D is a stepping oper- 
ator. In a previous paper we defined fractional generalizations of the Z3's in the context of 
Lie theory, determined their formal properties, and illustrated their usefulness in obtaining further 
interesting relations among the functions using the group E(2) and the Bessel functions. We showed, 
for example, that shifts of the index ^ of a Bessel function Z^, by an arbitrary amount /i could be 
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effected using I?^. The resulting relations for the inverse operators D ^, when reduced to a single 
variable, gave generalizations of known fractional integrals such as the Riemann integral 

x('^+^)/V.+^(2V^) r t'''^U2Vt){x - ty-^ dt (1) 

IMj Jo 

and the Weyl integral 

^_(,_^)/2^^_^(2^) = ^ t-''K,{2Vt){t - xY-\ (2) 

1^, Chap. 13. Finally, we obtained integral representations for the Z's as the action of the D'^'s on 
appropriate input functions. While most of the specific results had been derived historically in other 
ways, the introduction of the fractional operators allowed them to be unified in a group setting. 

We continue that program here for the associated Legendre functions, working in the context of 
the group S0(2,l) and its conformal extension. We find, in particular, fractional operators which 
raise of lower the order /i or degree j/ of a general associated Legendre function Fj^ by arbitrary 
amounts, and use the results to unify and extend a number of known results for those functions. 

We will summarize the definitions and properties of the fractional operators in the following 
section, and then apply the theory to derive a number of relations for the associated Legendre 
functions. These include generating functions, generalizations of known fraction integral relations, 
and some new integral relations. With appropriate choices for the input functions, the fractional 
operator relations give integral representations for the associated Legendre functions, and provide 
group-theoretical setting for those representations. We find, in particular, interesting double-integral 
representations. 



2 Fractional operators 

We will suppose that we have a Lie algebra which corresponds to one of the classical Lie groups, 
and is realized by the action of a set of linear differential operators D{'w, dyj) in variables w on an 
appropriate class of functions F{w). The exponentials e~*^ defined by Taylor series expansion in 
the group parameter t are elements of the Lie group, and act on the same functions. We will suppose 
initially that e~*^F exists for all t, and define a Weyl-type fractional operator D^, by an integral 
over group elements, with 

Dt^F{w) = — e-^r(/i + 1) / dt -^^F{w). (3) 

The contour Cw = (oo,0+,oo) in the complex t plane runs in from infinity, circles i = in the 
positive sense, and runs back to infinity. To define phases, we take the integrand as cut along the 
positive real axis with the phase of t taken as zero on the upper edge of the cut. The direction of 
the contour at infinity must be such that the integral converges. 

The expression above would be an identity for D a positive constant. Here, however, D(w^ dw) 
is an operator which acts on the functions F{w), and the existence of the integral depends on the 
functions as well as the contour. 

Alternatively, Dy^ can be defined without the contour integral as 

D^P = ^ D" / dt —F, (4) 

where Re fi < n and endpoint terms are assumed to vanish in the partial integrations which connect 
the two expressions. 
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We define a second Riemann-type fractional operator D'^F by 

D^,F^±e-m, + l)l^dtg^F, (5) 

where C'f{ is the contour = {x{w),0+, x{w)) . The endpoint x{w) of the contour must be chosen 
such that Df^F satisfies a differential equation determined by the Casimir operators of the Lie 
algebra. This will require that a differential expression related to e~*^^ F vanish at i = x{w) for the 



given values of w (see, for example, §7.3) 



Which expression for D'^ is appropriate in a particular setting, Weyl or Riemann, will depend 
on D and F. We will therefore simply denote the fractional operator as for formal purposes, 
and only specify the expression to be used in connection with particular applications. The key 
restrictions will be the existence of a finite value of the group parameter t = x{w) such that a 
differential expression related to e~^^F vanishes in the Riemann case, and the convergence of the 
integral for i ^ cxd in the Weyl case. 

As shown in the fractional operators satisfy the expected product rule for powers and com- 
mute, 

D^'D" = D''D^' = 1)^+'', [D^^D"] = 0. (6) 
The inverse of Z?'' is just D^^, 

{D^')-^ = D-^\ D-^'D^' = 1. (7) 



3 Legendre functions, SO(3), and SO(2,l) 

Legendrc functions appear naturally in the representations of the rotation group SO (3) in three 
dimensions, the noncompact group S0(2,l), or of their covering group SU(2,C). Sec, for example, 
^ 0, 1^. The Lie algebras so(3)~su(2) are defined by three elements Ji, J2, J3 with Lie products 
given by the commutator [Ji, J2 ] — J3 and its cyclic permutations. Thus, in a realization in which 
the Casimir operator + J| + J| has the fixed value + 1) and the commuting operator 

J3 has the value — i/i, the action of the so (3) algebra can be described in terms of coordinates 
xi = sin0coS(/>, X2 = sin sine/), X3 = coa0 on the unit sphere S"^ by the action of the antiHermitian 
operators Ji = —X2d3 + X3di, J2 = —xsdi+xid^, J3 = — a;i92+a;29i on the functions e*^'^P(;J(cos6'). 
Here P(^(cos0) is the associated Legendre function "on the cut" — 1 < cos 9 < 1. This is defined in 
terms of the associated Legrendre function Pj^iz) for general complex z by 



P^;(cos( 



1 r 



gi7rp/2pM (cos6i + iO) + e-'''^'/'^ Pt^ {cos 9 ~ iO) 



(8) 



where Plf{z) is given in terms of the hypergeometric function 2^1 by M, Chap. 3, 



1 



r(i-^) \z-i 



p/2 



Fi —V, 1/ — v; 



1 - z 



(9) 



and its analytic continuations. The values of v and fi are arbitrary. There is no restriction to the 
integer values characteristic of the associated Legendre polynomials unless one insists on a unitary 
representation of the group S0(3). We will not, and will simply be concerned with realizations of 
the algebra so(3). 

The algebra can also be realized on the functions e'^'^Q(^(cos 0), with Q(^(cos6') a Legendre 
function of the second kind "on the cut" , 



Q^{cos9) 



1 



COS ( 



(10) 
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with Q'i{z) defined for general complex z by 



^ I V n 1 V u 31\ , ^ 

X2F,(l + - + f,- + - + |;. + -;^). (11) 



The general forms of the P's and Q's appear naturally in representations of the noncompact group 
S0(2,l) on the unit hyperboloid with xi = sinh cos i/i, X2 — sinh0sin0, 0:3 = cosh0, through 
the functions e*'"^P^(cosh6l) and e'^'^Q(;(cosh6i), §, Chap. VI. S0(3) and S0(2,l) are different real 
forms of the covering group S0(3,C), and the Lie algebras are related j^]. It will be most convenient 
for our purposes to work with the general forms of the functions, and with realizations of so(2,l). 

The so(2,l) algebra is given in terms of three operators which we will take in the form 

Ml = xsdi+xids, 

M2 = x:id2+X2dz (12) 

-M3 = X2di - Xid2- 

These have the commutation relations 

[A/i,M2] = -M3, [M2,Af3]=Mi, [M3,Afi]=M2. (13) 

Ml and Mi generate Lorentz transformations in the 1 and 2 directions, equivalent to hyperbolic 
rotations on i?^, while M3 generates rotations in the 1,2 plane. 

The operator — M^ — M| + M| is a Casimir invariant and may be taken to have fixed value 
on realizations of the algebra. We will also fix the value of the second commuting operator iM^. 
When written in terms of the variables z = cosh0 and t — e**^, the relations {—Mf — M| + M^)f = 
— + 1)/, iM3/ = /z/ imply that / = fj^{z, t) — t^^Fj^{z) where Fj^ is a solution of the associated 
Legendre equation 



= (") 



with degree v and order /x 

The so(2,l) algebra can be put in a more useful form for our purposes by introducing operators 
M± defined by 

M± = - iA'h (15) 

with the commutation relations 

[iMg, M±] = ±M±, [M+, M_] = -2iM3. (16) 
In terms of the coordinates on , 



M+ = -e'^ {dg + i cothOd^) = -ty/z^ - 1 + f dt, (17) 

V — 1 

M_ = e-'^ (dg -icothOd^) = lVz^-ld, + -r^= dt. (18) 

t — 1 

The commutation relations of M± with Ah imply that M±tfpif{z)(xtt'''''^Pif''''^{z) and M±tt'Qii{z) 
oc f^='=^Q^^^(z). The constants of proportionality are easily determined and are the same for 
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and Qi^. After the t dependence is extracted, these relations reduce to the standard differential 
recurrence relations for the order /x, 

-^7^l±FI^{z) + ^^FI^{z) = -Ft^+\z), (19) 
dz y/z^ - 1 

.J^rri^Fl^{z) + ^^Ft^{z) ^ {v + ^,){u-^, + l)Fr\z), (20) 
dz y/z^ - 1 

where Fl^ is a general solution of the associated Legendre equation, jo), §3.8. 

4 Conformal extension of SO (2,1) 

We have so far dealt with S0(3) and S0(2,l) considered as the groups of transformations on 5^ and 
iJ^. These appear as subgroups of the group of Euclidean transformations E(3), and of the group 
of Poincare or pseudo-Euclidean transformations E(2,l), and are obtained by adding the translation 
operators in 3 or 2+1 dimensions to the original algebras. We will deal only with E(2,l). This is 
defined by the operators Mi in |l^ and three translation operators Pi — di. We choose the metric 

such that P2 = _p2 _ p2 ^ p2^ j^p ^ _ ^ j^j2^ ^2 ^ _^2 ^ + X^. 

The P's commute, 

[^.,^.]=0, (21) 
and transform as Lorcntz vectors, with the commutation relations 

[Ml , Pi] = -P3 , [Ml , P2] - 0, [Ml , P3] = -Pi 

[M2,Pl]=0 [M2,P2] = -P3, [M2,P3]=-P2 (22) 

[M3 , Pi] = P2 [M3 , P2] = -Pi , [M3 , P3] = 0. 

with repect to the generators Mi, M2 of Lorcntz transformations, and the generator M3 of rotations. 
P^ commutes with the APs, and the solutions of the Klein-Gordon equation P^f = m? f can be 
classified with respect to S0(2,l) by the values of Af^ and A/3. 

In the special case that P^ = 0, the symmetry group can be enlarged by the addition of a set 
of special conformal transformations with generators Ki and the dilatation operator D. See, for 
example, [Q, Chap. 4. These are given in terms of the coordinates Xi by 

Ki — 2x1 X • 9 + a;^9i + xi, 

K2 = 2x2X-d + X^d2+X2, (23) 

Kz = —2xzx-d + x^dz~'Xz, 
D = x-a+i =a;i5i+ 2:292 +2:393 + ^. (24) 



The K's commute, 



and transform as Lorentz vectors. 



[if,;,X,]=0, (25) 



In addition. 



[Ml, Xi] = -X3, [Ml, X2] = 0, [Afi, if3] = -Ki 

[M2,i^i]=0 [M2,K2\ = -Kz, [M2,K3] = -K2 (26) 

[M3, i^i] = K2 [M3,K2] = ~Ki, [M3, K3] = 0. 



[Pi, i^i] = [P2, K2] = 2D, [P3, i^3] = -2D 

[Pi, X2] = [Ki,P2] = 2M3, [P3, if.] - [X3, P] = 2Af„ i = l,2. (27) 
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Finally, 

[D,P,] = -P,, [D,K,]=K,, [D,M,]=0, z = l,2,3. 
Using the explicit realization of the operators given above, we find also that 

-4xiP2 ~ 0, 
~ 0, 



+ 



[D,P^] 
f 
4 



x^P^ ~ 0, 



(28) 

(29) 
(30) 

(31) 



where the final weak equivalence in each relation holds for the action of the operator on solutions h 
of the wave equation P^h = 0. 

We will deal with the solutions of the wave equation in terms of the homogeneous functions 



(32) 



where t^Fjf{z) is a solution of the associated Legendre equation on with A/^ = —v{v + 1) and 
iMa = as in and x, i, and z are defined as 



z = xs/x, t = {xi + 1x2)/ \J x\ + X. 



(33) 



In accord with the last two of equations Dhi^ = {v + ^)h^, a relation which provides a geometric 
interpretation of the degree v of the Legendre function. 

The operators P3 and K3 act as stepping operators in v. Thus, from the first two relations in 



DiP.K) = P,iD-l)K^i,y--)P3K, 
D{K:,K) = K^{D + l)K = {v + ^)K^K, 
so Pd.h'^ oc hJ^_i and K^hi^ cx hJ^j^^- In terms of our coordinates on , 



Pc, = - sinh^ e- 



d 



coshe— - -(z2 - l)i— + z— 
X d cosh 6 dx xdz dx^ 



while 



-X sinh^ 9 ■ 



d cosh 9 



-a;(z2 



d 
oz 



x^ z 



x^ cosh 9 

— + - 

dx X 



— + - 

dx X 



Upon applying P3 and to the functions /i^' defined in p2, we find that 



az 



a;''-4^(i. + Ai)F,^i(z), 



d 



-{z' -l)—-{v+l)z 
oz 



= -x'^+^t^i^-f, + l)F^^^,iz). 



(34) 
(35) 

(36) 



(37) 



(38) 



(39) 



These relations give the standard differential recurrence relations in 1/ for the associated Legen- 
dre functions after the dependence on x and t is removed. The indicated coefficients can be 
determined using the asymptotic behavior of those functions. 



6 



5 Action of the group operators and generating functions 



The action of the finite group operators e on the functions is easily determined. Thus, 

writing the stepping operation by Af+ in the form 



f'+^z' - 1) 



(p+l)/2 



d r 

dz 



and noting that 



we can easily show thatj^ 



M+t^'{z^ ~ 1)^/2 ^ 0, 



(40) 
(41) 



= t^(z2-l)A'/2 {z + uty/z^ -if - 
Alternatively, by direct expansion of the exponential and the use of 

-f'Fl^iz) = ^ !i-tf^+r^Fi;+"{z). 



Fi;{z + uty/z^ - 1). (42) 



(43) 



Comparison of the two expressions gives the generating function 

-m/2 



i'^(z2_l)f/2 \^{z + uty/z'^ - if - l] ^ F^^(z + wtV^2T~T) 



1/" 

J2 —t''+"Fi;+'\z). 



(44) 



The series converges for |m| sufficiently small as expected from Lie theory, with absolute convergence 
for either P/,' or for 



II 1 ■ 

\u\ < — mm 

\t\ 



z±l 



(45) 



The generating function for F^f = P^f is known, 19.10(4). 
A similar calculation using M_ gives the relations 



-uM- 



f^Flfiz) 



y (-^)" tu-n r(/i + ^ + i)r(^ - m + » + 1) . ^ 



n=0 



r(^ + J/ - n + i)r(i/ - /i + 1) 



= f^iz^ 



-Ai/2 



(z Vz^ 



1)2 -l] (46) 



with absolute convergence of the series for the the condition in ^ with 1/t ^ t. 

The action of the finite operators e""^^ and e~^^^ in the conformal group on the functions h^^ 
is well known , but it is useful to determine it directly. In order to use the method sketched above 

-'This result is also easily obtained starting with the expression = (2:1 + 1x2)^ x (xg — x'^)~^^/^Fl^{x^/x), 

writing M_|_ as —x-^^di + 182) — (^1 + *a:2)&, and determining the action of e~"*^+ directly using the relations 
M+(xi + ix2) = and M+x^ = 0. See also M, Chap. VI. 
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for M±, we change from the variable z = / x to & new variable y = x^/{x\ +x'^Y^'^ — zj^J — 1 
coth B in terms of which 



1 d 



V d 



X dy y'^ — \ dx 



K3 = ViF^i^^- 



d 



y d 



In this form, 



P3 2:'^(y'-l)'^/' = 0, K3X-{y'-l) 



dy — 1 dx 



'^^,2 _ n(''+l)/2 _ 



0, 



(47) 
(48) 

(49) 



for any v. Extracting the relevant factors from the respective operands, we find that the actions of 
P3 and can be written in terms of simple derivatives, 



ft x^F.f 



y 



(y2 _ ly/^Fi^ 



y 



Ksx-'F,': 



a;--l(y2_l)-(.-l)/2 



X3x''(y2-l)(-+i)/2 



dy 



(y2 - 1)-/2f,^ 



(50) 



Vy^, 



C-+l(y2_i)(-.+2)/2^ 

dy 



{y^ - i)-(-+i)/2f^m 



(51) 



The use of y or cothfl as the the preferred variable is in this sense natural. 

The relations above connect the action of e~"^^ and e~"^^ to Taylor series in y, and lead to the 
expressions 



2 1 \ ('^+l)/2 



y^-lj " \Vy^ 



(52) 



, y = ?/ - ux\Jy'^ - 1. (53) 



Equivalently, in terms of z = cosh0 and the formal power series expansions of the exponentials. 



1 / u\" V(v + /i + 1) 



^-^ n\ \ X/ i (t^ 



n=0 



= x'' 1 - 2z 



(t^ + /i — n + 1) 
Fit 



1 - 2zi^ + ^ 



(54) 



'^^x^Fl^iz) = x^'Y^ 



{uxY T{v- ^i + n + 1) 
^ r(j/- /i + 1) 



vT— 2ztwr+u2^ 



(55) 



The series converge for \h\ < min |z ± y/ ~ 1\, where h = u/x for |5j, and h = ux for The ex- 
pressions |4| and ^ reproduce the known generating functions |^ 19.10(3) and 19.10(2), respectively, 
for FIf — PIf, but hold also for the functions Q'^. 
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These relations give generating functions for the Legendre functions in terms of the degree v. 
Thus, starting with P§{z) — 1 and using we obtain the standard generating function for the 
Legendre polynomials, 



e""-^^ • 1 = (1 - 2ZUX + M2a;2)-l/2 ^ ^{uxY' Pr,{z) . 



(56) 



n=0 



The known generating function ^ 3.7(34) for the Qn follows from ^ with Qq = Qo = 5 In (z + 1)/ 
(^-1), 



ux\/l — 2zux + v^x^ 



2 z-l 



(57) 



Other simple generating functions can be obtained using different starting points. Thus, using 



r(i-^) v^-i 



z + l 



m/2 



(58) 



in gives 



1 



r(i - /i) 



(1 — 2zux + u X ) 



z — ux + Vl — 2zux + u^x^ 



^ (^xrr(-/i + n + i) ^^^^^^^_ 



n=0 



ii r(-^ + i) 



A similar generating function for the functions Qn{z) follows from|5^ and the relation 



g^(z) = -e"'T(M) 



z + l 
z-l 



p/2 



Z+l 

z- 1 



-m/2' 



(59) 



(60) 



Further results can be obtained using the known closed- form expressions for Qi^^, Pj^^, ''(2), 
and Q:+\z), §, §3.61. 

We can also obtain interesting double series. Thus, 



1^1 - 2ux (^z + vt\/ z^ - 1] + u^x^ 



-1/2 



(61) 



ji=0 



A series for Q™ with the same coefficients follows from |57| with the replacement of z by z + vWv'^ — 1 
in the function to be expanded. In that case, the sum on m does not terminate. 



6 Fractional stepping operators from so(2,l) 

We can define fractional stepping operators as in §||, with 



du - 

c u 



A+l 



(62) 
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where C is an appropriately chosen contour in the complex u plane. The operator [iM^Y is defined 
similarly. 

The formal properties of the operators are easily determined. [Af^,M^] = 0, so transform 
solutions t) = t^FI^{z) of the associated Legendre equation [A/P + v{v +l)]f^^ — into solutions 
with the same degree v. Further, from the relations 

[iM:i,Ml]=±nMl, (63) 

we find that 

[iM^, e-"*^±] = ± y t2!^nMl = ±u^e~^^'^ , (64) 
^-^ n'. du 

hence, after a partial integration in that 

[iMa, M^] ^ ±XM^. (65) 
The operators therefore increase or decrease the order /i by A when applied to //f — t'^FI^{z), 

iM^iM^fi;) = M^{iM3 ± \)fi^ - (m ± X){M±fn- (66) 

The new functions M^fjf may involve a different combination of the fundamental solutions of the 
associated Legendre equation than appeared originally, with {f')'^^^ = t^^'''(i^')(^^'''. Furthermore, 
even when F' = F, the operations only give /' up to a constants of proportionality because of the 
sign and numerical factors in the recurrence relations |9| and |2^. We will therefore write M^fjf as 

M^f};^N±{,.,fi,X){fr.^\ (67) 

where the functional form of F' and the constant N are to be determined. 
The more general relations 

{iMsfM^ = M^{iM3 ± A)'", M^iiMs)" = (iMg T X)" M^, (68) 

can be derived using the Baker-Hausdorff expansion of e'^e^e~^ as a series of n-fold commutators 
. The operators M± are mixed with M3 under commutation as in Eq. with the result that 
there are apparently no simple expressions for commutators of the fractional operators and 
for arbitrary values of A and 77. However, 

[iMs, M^M^] = (fJ - X)M^M^, [iMs, M^M^] = (a - X)M^M^, (69) 

so M^Mh. and M^M^ both carry solutions fj^ to solutions of the type {f')^^"^^- 

We can define fractional operators and as above. Since [P^,P^] = and \P^,K^] ~ 0, 
these operators transform solutions (x, z, t) = fl^{z, t) of P^/i(^ = into solutions. Furthermore, 
[M3, P^] = [M3, K^] = 0, so P^ and do not change the value ^ of iA/3. 
Calculations similar to those which lead to ^ show that 

[D, P,'] = -XPi, [D, K^] = XK^, (70) 

so these operators decrease or increase the value of v by A. Given the numerical factors in the 
recurrence relations |3^ and the transformed functions h' are determined only up to constants of 
proportionality, 

P3^ K = N'_ {v, A) K = N'^v, A) (71) 

Because 

[M± , P3] = ±P± , [M± , ifg] = ±K± , (72) 
the operators Af^ do not commute with P^ and K^. However, it is easily shown that M^P^ and 
P^M^ both carry h^^ to solutions of the type (/i')(^^a- Similarly, M^K^ and K^M^ both carry h^^ 
to solutions of the type (ft-')!^+A- 
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7 Change of the order of Fj^ using 
7.1 Weyl-type relations using 

The action of the Weyl-type operator on the associated Legendre functions gives 
Mlt^Fl^{z) = N+ily,^,,X)t^+\Fy:+\z) 



1 

2Trf 



-e 



*^-^r(A + l)t^(z2 - i)m/2 (73) 



du 

n,X+l 



p/2 



(^z + ut^/z^ - ij - 1 Fi; (^z + ut^z'^ ~ 1 



where the direction of the contour Cw for \u\ oo must be chosen to assure convergence of the 
integral. 

It is easily shown that the integral converges and gives a solution of the associated Legendre 
equation for the choice = provided Re + + A +1) > 0.0 The proportionality of the integral 
to Q^^"'"'*' and the value of the coefficient N+ can be established using the asymptotic behavior of the 
two sides of ^ for z oo, proportional in both cases to z"""^. We find that Af_|_ — e"*'^'*', a result 
consistent with repeated application of the recurrence relation M^t^F^f = — t^+^F^+^. 

After scaling out the variable t, can be rewritten for Fj^ — as 



-..(p+A)g^+A(^) = ^r(A + 1) / 4^ ( ) ^q;;(z), (74) 



^ <■ du ( z" -X'^^'l^ 



2m 



(co,0+,oo) 



where Z = z + u\/ z"^ — 1 and Re(i^ + ^ + A + 1) > 0. That is, 

M^i'^e-"^Q(;(z) = i'^+^e~"('^+^)Q(;+^(z). (75) 

The expression in ^ can be put in the form of a generalized Weyl fractional integral by changing 
to Z as the integration variable, 

^ TV^^i - e-'^'QiiZ). (76) 

(00,2 + ,00) 

The contour can be collapsed for Re A < 0, and |7^ can then reduces to a form equivalent to the 
known fractional integral Q, 13.2(30). However, the result in ^ is more general and has a clear 
connection with the underlying group theory. 

The further substitutions z — cosh0, Z = cosh0' convert |7^ to an expression in terms of 
hyperbolic angles, 



'g(;+\cosh6') = -^e''^^r(A + 1) sinh^+^ 61 / 



(oo,e+.oo) (cosh6''-cosh6')^+i 

X sinh"''+^ 6l'e-"'^Q(;(0')- (77) 

A different result holds for the Weyl action of M+ on the functions t^Plf{z) as may be seen from 
the relation 

Pt'iz) = -e-^-^^^— [sin7r(i. + ^Ji)Q^;,{z) ~ s\m:{v - /.)Q^,„i(z)] . (78) 
TL cos T^v_: 

^It can be established that the integrals W and 79 below give solutions of the associated Legendre equation with 
the indicated indices by a calculation similar to that which leads to the condition ^ for the Riemann version of M^. 
The only change in the final condition is the replacement of v by —v in and the restrictions given on v, fi, and A 
follow. 
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The operator acts on the Q's, but does not change the sine factors, with the resuh that, 
suppressing the the dependence on i, 



2TTi 

1 



du 



(oo,0+,cxd) 



p/2 



COS TTh' 



sin^(i^ + fi)Q'i+^{z) - sin^(z/ - /i)Q^+^i(z) 



(79) 



sin 7r(^ P^A^+^(z) - -sin^^.sin^Ae-^-^'^+^'Qi^+^z) 

sin7r(i' — /i — A) TT 



for Re(±(i/ + i) + /i + A + i) > and Z = z + \/z2 - i. 

We emphasize that the different behavior of the Weyl-type operator on and P^^ is 
associated with the fact that the integration contour runs to oo. and Q^^_i have unique 

asymptotic hmits for z oo, behaving respectively as z~'^~^ and multiphed by series in l/z^. 
The operator changes /i but does not affect v. Since it carries solutions of the associated 
Legendre equation to solutions and, as is evident from |7^, preserves the asymptotic behavior of 
the integrand for z oo, it can only carry to a multiple of Q'^^^ and Q'^_i to a multiple of 
Q^JLi with no mixing of the two functions. Pjf , in contrast, involves both functions with different 
/x-dependent coefficients, and cannot be reproduced for general v. It is useful in this respect to 
regard Q'^ and Q^^^i as the fundamental solutions of the associated Legendre equation rather than 
Pj^ and We will encounter similar situations later. 



7.2 Weyl-type relations using 

The action of the Weyl-type operators on the associated Legendre functions gives 



mHti^Xz) 



iV_(i.,M,A)t^-^(F')r\z) 
-^r(A + l)e"^t^(z^ - l)-^/2 



(80) 



du 



It can be established through a calculation equivalent to that which leads to the condition |9^ obtained 
later for the Riemann version of that this expression gives a solution of the associated Legendre 
equation provided the integral converges for |u| — s- oo. 

The contour Cw must extend to |u| oo, and must avoid the singularities of the integrand at 
u/t — ■\/(z — l)/(z + 1), •\/(z + l)/(z — 1). The singularities are always in the right half of the u/t 
plane a finite distance from the origin for |z ± 1| finite. For definiteness, we will consider the case in 
which, after scaling out the variable t, the initial contour is taken to run above both singularities. 
This allows us to rotate the contour in ISO counterclockwise by tt, and then replace u by e^^u, 
effectively returning to the expression in pO[with —u replaced by u and with the acquisition of an 
extra phase e"*'^'^. 

After identifying the constant of proportionality, we find for the choice Fj^ = that 



1 

27ni' 



r(A + i 



r(i^ + ^-A + i)r(j/-/i + i) 



(oo,0+,oo) 



(81) 



U\/Z^ 



1. The integral converges and gives a solution Q'^ of the associated Legendre 



equation for Re(i^ — /i + A + 1) > 0. 
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The coefficient of the integral can be determined using the asymptotic behavior of the two sides 
of |8l| for z ^ oo. It corresponds to a coefficient 

A'-(>-.M.A)=.-"> ^'--r'-+''':'v;+-'r;' (82) 

T(iy + ^ - A + i)r(i^ - ^ + 1) 



in the original expression 80 , with the contour taken to run above the singularities of the integrand 
at u/t = ± l)/(z =F 1). iV_ is just the coefficient of the nth term in the generating function 

up to the factor 1/nl, but extended from integer n to noninteger values n — > A with the factor 
(—1)" e~^'^^. We note that the phase of the constant defined through ^ depends on the 
choice of the original contour. The final result does not.| The contour i n ^ can be closed for X = n, 
one recovers the expression for Q(^^" given by the generating function [46|. 

The results above continue to hold for Q^^_i for Re(— t^ — /i + A) > 0, and |l| and || can be used 
to evaluate M^Pjf . Remarkably, the coefficients N-{i/, fi, A) and N^{—v — 1, /x, A) are such that the 
sine functions in ^ are reproduced in the final result with /i ^ — A, and we find that 

pr\z) = ^e-^r(A + r r(-.-M)r(.-M + i) 



27ri ' 'V{-v - ^1 + \)V(y - ^1 + \ + 



(oo,0+,oo) " 



^ J Pl^iZ), (83) 



Re(±(i' + — /i + A + i) >0. This corresponds to a coefficient 

N- = e" ^"7^:+^\. iv_(.,,,A) ^ "(-;-^+^i;:;^-^7;+^^ (84) 

sm t:{v + — Aj i y—v — /iji (i^ — /i + 1 j 



in the relation M_Pj^ = N^{v^ ^,\)Pj^ , with M„ defined with the original contour in 80 taken 



above the singularities of the integrand. The change relative to p3 is in a different continuation 



of the alternating sign in the generating function 46, with the factor e"*^'*' in replaced by 
sin7r(z/ + /i)/ sin7r(i^ + /i — A) in A'"_. Because of the change in coefficients, it is again useful to 
regard Q'^ and Ql^^j^ as the fundamental solutions rather than (3(^ and Pj^. 



7.3 Riemann-type relations using 

The action of the Riemann-type fractional operator is given by ^ on a finite contour Cr = 
(uo, 0+, uo) where the obvious choice of the endpoint mq is the point at which the argument of the 
Legendre function is +1, 

1 /._i\i/2 



.„ = e-^-^J . (85) 
Writing u as UqU and factoring out the dependence on t, we obtain the expression 
1 \ , . 1 / dv 1 



N+[—-] (F')r (^) = 7r-r(A + i 



z+l) y y > ' ' 7(1,0+4) (i-«) 



X 



V + l 



K'iV), (86) 



^The contour rotation and substitution used above replace the factor exp(— mM_) in the definition of by 
exD (—u e'^^M— ). effectively replacing —u by u in the series ka. The resulting expression gives (e'^^M—)^ when the 



integration in p3 is performed on the standard Weyl contour (oo, 0+, oo), hence the extra phase noted above in the 
expression for Al^ . Had we started instead with a contour that ran below both the singularities of the integrand, 
rotated the contour clockwise by it, and then replaced u by e~''^u, the extra phase would have been e"^^, and the 
new N— would be e^"^^ times the result in p2. The ultimate expression for Qf^ does not change. 
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where V — z — {z ~ l)v and F and F' are possibly different associated Legendre functions. The last 
factor on the right hand side has the same form as the function on the left, but with z replaced by 
V. 

Defining 



<(z) 



z-1 
z + 1 



and using the form of the associated Legendre equation satisfied by that function, 

(z^ - l)w" + {2z - 2fi)w' - v{v + l)w = 0, 
with the replacement /i — ^ /i + A, we find that pq gives a solution of p8 provided 



v-^{l-v) 



d 
dv 



V+1 



m/2 



= 



(87) 
(88) 

(89) 



at the endpoints of the integration contour. This condition is satisfied for Pjf for Re /i < 1 with the 
expected endpoints v — 1, e'^^\ The expression in ^ does not vanish for Q^^, with the result that 
the right hand side of ^ satisfies an inhomogenous version of the associated Legendre equation, so 
does not give Q'^^^- 



With the choice F,^ = P,^! in 



we find that N4- 



as before, and that 



du / — 1 



^+1 V Z2 - 1 



m/2 



du 



z^-l 



p/2 



(90) 



where Re/i < 1, Z' — z — uV z^ — 1, and Uq = ■\/(z — 1) /(z + 1). Changing to Z' as the integration 
variable, we get the alternative form 



p''+^(z) = -^-r(A + - l)('^+^)/2 



A+l 



[Z 



'2 



^)-M/2pM(^') 



(91) 



where |arg(Z' — z)| < tt. This result can be reduced in the case of real z with — 1 < z < 1 to a 
known the fractional integral, 13.1(54). 

A similar calculation for on the Riemann contour starting from |8^ leads to the condition for 
a solution of the associated Legendre equation that the function 



dv 



V+1 



m/2 



(92) 



vanish at the end points. In fact, it has a finite value for v = 1, e^'^^ for either or The 
functions defined by the integral satisfy inhomogeneous versions of the associated Legendre equation 
rather than the equation itself, and the Riemann version of appears not to be useful. 



8 Change of the degree of F^f using ^3 and 
8.1 Relations for K.^ 

The action of the operator on a function i-^P^ increases the degree by A as shown formally 
by the commutation relation ^Ol In particular, using the variable y and the expression in M for the 
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action of e , we obtain a Weyl-type relation 



2m 



du ( ip' 



Cw 



,A+1 



- 1 



1 J 

(i.+ l)/2 



Y 



VY^ - 1 



(93) 



where K — y — xu-^/ — 1. The contour Cw rnust be chosen to run to |u| — s- oo, avoiding the 
singularities of the integrand at F = ±1 or a;w = ■y/(y ± l)/(y =F !)■ The singularities are both in 
the right-half xu plane a finite distance from the origin for |y ± 1| finite. 

Following the procedure sketched in §7.2, we change to xu as a new integration variable, pick an 
initial contour which runs above both singularities, rotate the contour counterclockwise by tt, and 
replace u by e^'^u to return to the standard contour. This gives the expression 



;5^r(A + l) / 



Y2 



(oc,0+-oc) 

pi" 



du 



Y 



Vi^2 _ 1 



- - U = 



where 1^ is now given by y = y + u\/ — 1 and we have acquired an extra phase e 
considering the modified Legendre equation 

if 

satisfied by the function^ 



i-kX 



l)v" +[2y-y--]v' - 



y 



1 



y 



1 



{u+l)/2 



1 



(94) 



By 



(95) 



(96) 



we find that the right hand side of ^ satisfies the associated Legendre equation for degree v + \ 
and order ^ provided that the function 



-A 



, , \ I 1 (i 
(1 + ^)-^+^ 

du 



Y- 1 
Y+1 



(^+|)/2 



(y2 _ i)-i/4_pM 



Y 



Vy^ 

*The form of the function is suggested by the Whipple transformation |9|3.3.2(13,14) 



(97) 



y 



which connects the actions of and M_ and of P3 and M^, and can be used to derive equations 100| and |llC| below 
from ^ and The Whipple transformation is associated with the automorphism 

D' = -iM'i, iA/3 = -D, M+ = P3, M'_ = -K'i, 

P^ = -P+, PL=K+, P3 = M+, K'^ = P-, K'_ = -K-, K'^ = -M. 



of the abstract conformal algebra. Using the explicit realizations of the operators given in we find that 



3'2 



substitutions 2 



■ and M 



'2 



D 



'2 



x ^, P ' 



■ 



1 = -i(P3i^3 + KsPi) - - A/| - i 

when acting on solutions of the Laplace equation. These relations are only invariant under rotations about the 3 
axis generated by M3 and not under the full Lorentz group. The transformation maps realizations of the algebra to 
realizations, with v' = —fj, — i (iM^ = —D) and ^' = —u — i (D' = — iMa). In terms of differential equations, the 

1)^/*G'', (j/) transform the associated Legendre equation satisfied by 



viyy 

Fv{z) into the same equation for G'^,{y). The specific connection of the functions can be established by matchin; 
their behavior for z — > 00, y ^ 1 and for 2^1, y 00. 
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vanishes at the endpoints of the contour. This condition is satisfied for Fj^ = Pjf in |9J provided 
Re(t^ + A - ^ + 1) > 0, and for = provided Re{i^ + A ± ^ + 1) > 0. 

The constant of proportionahty N'^ in ^ can be determined by changing to Y as the variable of 
integration in that equation, and then determining the asymptotic hmits of the two sides for y —^ oo. 
We find that 

for both and Q'^. The first can be estabhshed easily by identifying the characteristic power 
behavior Pj^iz) oc [{z + l)/(z — 1)]^/^ for z ^ 1 on the two sides of the equation. The coefficient for 
Q'^ follows from the relation 



2 sin TT/x 

Using the result for N'j^ in we find that 



■ r> + M:i) , 



(99) 



y/y^ - 1 / 2TTi r(z/ + A - ^ + 1 



(oo,0+,oo) 



du / - 1 \ ^"+'^/' / Y 



where Re(i^ + A — + 1) > for P^, and Re(j/ + A ± /i + 1) > for QJ^. Alternatively, taking Y as 
the integration variable, 

I y \ - 1 ^^z^A r(A+l)r(^-M+l) 2 .N(.+A+l)/2 

''''HvF^/ ^TT*" r(^.+A-^+i) 



(101) 



This expression has the form of a Weyl fractional integral Q, § 13.2, but is apparently not known 
in the general case. 

The substitutions Y ~ coth^', y — coth0 in 101 give the expression 



X / ^7 n7, , (sinhgO"+'J^.^(coshgO 

i(o,e+,o) sinh^ 9' (coth 61' - coth 9^+^^ ' ' 

_^g..Ar(A + i)r>-Aii_l) 

27ri T{u + A - /i + 1 

f d9' fsmh9'Y f sinh6l' \ „ , , 

while the substitutions Y = coshi/)', y = cosh0 give 

^.^A(coth^) = 1 e-^ ^(^ + f^(-^ + ^) (sinh0)--^^^^ 
^ 27ri l(j/ + A — /i+1 

sinh dci' , . , 



D,0+,oo) (cosh(/)'-cosh 



^p^(sinh0')"''"'^^.^(coth (/.')• (103) 
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Finally, with y = zj 



- 1 and Y ={z + u)/^Jz'^ - 1 in 100 



27ri T{v + A - /i + 1 



(00,0+, 00) 



Z + 7i 



2zw + 1 



(104) 



The foregoing relations for are of the Weyl type. The natural endpoint for a Riemann-type 
contour for the original integrand in ^ is at 1" = 1 or a;u = \/ (y — + !)• ^ can again be 

scaled out, and the condition that the right hand side of ^ define a solution of the associated 
Legendre equation reduces to the requirement that the function in with (1 + u)~^"*"2 replaced 
by (1 — and Y = y — U\Jy'^ — 1, vanish at the endpoints. It fails to vanish for equal to 

either P^^ or (5(^, and there is no Riemann-type expression for K^. 



8.2 Relations for 

The action of the operator on x^Fl^ decreases by A as shown by the commutation relation [70| . 
Thus, using the variable y — z/^/z'^ — 1 and the expression in ^for the action of e~"^^, we obtain 
the Weyl-type relation 



p^x'^f;^ 



y 




27ri 



(105) 



above 



where Y = y—^\/y'^ — 1. We will again take the initial integration contour to run to \u\ - 
the singularities of the integrand at ujx = •\/(t/ ± 1)(2/ ^ 1), scale out the dependence on x, rotate 
the contour counterclockwise by tt, and replace u by e"^w to reach the standard contour (c», 0+, 00). 
This gives the expression 



y 



^y^ 



:^r(A 

2m ^ 



Y'-l 



{00,0+, 00) 

v/2 



du 
Y 



(106) 



where Y is now given hy Y ^ y + u\/ y^ — 1 and we have acquired an extra phase e By 
considering the modified Legendre equation satisfied by the function^ 



y ■ 



1 



y- 



1 



(2/2 - l)-V4j^M 



y 



1 



(107) 



we find that the right hand side of |105| satisfies the associated Legendre equation for degree v — X 

(>^+i)/2 



and order /i provided that the function 



du 



Y + 1 

Y -1 



{Y^ - ly^/^Fi; 



Y 



VY^-1 



(108) 



vanishes at the endpoints of the contour. This condition is satisfied for Fjf = Pj^ in 106 provided 
Re(— + A — /i) > 0. A comparison of the asymptotic limits of the two sides of 106 for y ^ 00 gives 



N'_{v, fi, A) — e 



(109) 
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and 



2TTt 'ri-iy + X-n) 



(c>o,0+,oo 



du 



1 



1^/2 



Y 



- 1 



(110) 



The corresponding result for = involves a n ex tra term related through the Whipple 
transformation |^ 3.3.2(13,14) to that found for AI^ in §7J, and a different coefficient. We find that 



2TTi 



■r(A + l) 



r(^ - A + /i + 1) 
r(z/ + M + i) Ji 



du - 1 



oc,0+,oc) 

y 



,A+1 



1//2 



cos TT/i sin TT A 



P! 



y^2— sin7r(i^- A + ^) lvy^~~T/' 



(111) 



r = y + uv/y2 - 1, Re(A -v±y)>Q. 

The condition for there to be a Riemann-type representation for is given by 108 with u + 1 
replaced by 1 — m and Y = y — u{y — 1). The result must vanish for w = 1. This condition is satisfied 
for = Qi^ for + |) > 0, but is not satisfied for Pj^. The Riemann integral for is 



Q 



1/-A 



VF^/ 27r* ^ r(i. + /i+l) 7(„„,o+,«o) 



y2 



1 



1//2 



(112) 



where Y = y — u^J y^ — 1 and uq = \/{y — l)/{y + 1). 



9 Integral representations for associated Legendre functions 
9.1 Representations using 

The fractional-operator relators M^t^Fj^^z) = N±t^^^FJ^{z) derived above can be converted into 
integral representations for the associated Legendre functions by a choice of /i for which the initial 
function is elementary. Thus, using M^^ the choices 

e— /2 Ql/\z) = y|(z2 _ l)-i/4 + v/;^] — i (113) 



in [76| and 

'^'^/2gy'(cosh0) = ^|sinh-i/2 0e~('^+^)^ (114) 

A+- 

in ^ give simple Weyl-type integral representations for ^ . Choosing A = — ^ in these 
expressions, we get, respectively. 



(z^- l)-^/2e-"^Q;;(z) = -i_e»'^(A'-i)r 1 



TT /■ 



{Z^ -1)-^/^ (Z +^Z^^y' (115) 
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and 



(116) 



/(oo,e+,oo) (cosh 6*' - cosh 0) 

for Ref t/ + /i + 1) > 0. If Re/x < i, the contour integrals can be collapsed, and the resulting form 
for |ll6| reduces to the standard integral representation 3.7(4). The fractional operator approach 
provides an interpretation of this result through its connection to the group S0(2,l). 

The result in 116 can be transformed further by distorting the integration contour to {oo + 
in, in, —in, oo — in), with 6' = circumvented on the left. The result reduces for Re/i < 1/2 to ||^ 
3.7(10). Similar manipulations are possible for the following expressions. For collections of known 
representation s, se c ^ |ll|. 

The use of 116 and 

Py^icoshe) = y'^sinh^^/^ 9 cosh (^t" + \^ ^ (117) 

in the version of ^ obtained by the substitutions z — cosh 9, z + u \/ z^ — 1 = cosh 9' in the integral 
on the first line gives a representation for P/f (cosh 9) analogous to |116| . 

A second and more natural form of M^Pj^ is given by the Riemann-type integral Using Pj^^ 
as the input function, making the substitutions z = cosh^, Z' = cosh0', and choosing A = ^ — ^, 
we obtain the integral representation 

P,^(cosh^?) = -l,r(M+i)\/^sinh^0 

rcoshf 1^+1)9', (118) 



'(o,e+,o) (cosh6'' — cosh 6*)^+ 

where the denominator is now taken to have its principal phase, —n < a rg(c osh 9' — cosh6') < tt, 
and 1/ and fj, are arbitrary. If Re/i < 1/2, the contour can be collapsed and 118 reduces to |^ 3.7(9). 
We can get alternative integral representations for and PIf by using the relations 

e-"('^+i)gj:+i(z) ^ 2''r(t/ + l)(z2-l)-('^+i)/2, (119) 

P.^'i^) = Tx^^^'"^^'^'- ^^^^^ 

Thus, from the Weyl-type integral [74| 

^_„(^+A+i)^^+A+i.^N ^ J-e"^2'^r(j/+l)r(A + l)(z2-l)(^+i)/2 

2ni 

x/ -^(Z^-l)--, (121) 

J(oo,0+,oo) " 



Re{2iy + X + 2)>0, Z = z + u\J z"^ - 1. The choice \ = ^ - v - \ then gives 

e-'^'^'Q^'Az) = -^-e*'^(^-''-i)2''r(i/ + l)r(-z/ + ^)(z2- 1)^^/2 
2ni 

-^(Z^-D— 1 (122) 

(00,0+, 00) " 

2ni 

'(00,Z + ,CX5) ~-l 
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Re(i^ + /i + 1) > 0. The substitutions z — cosh^, Z — cosh6'' in the second form gives an expression 
for Q(^(cosh6') different from fl6, 

e~*''''Q(;(cosh6') = -^e™('^-''-i)2T(i/ + f )r(-i/ + ^) sinh'" 

, sinh-2"^-i0', (f24) 

(oo.e+,oo) (cosh 0'- cosh 0)^"-- 

Re(i^ + ^+ f) > 0. 

A similar construction starting from the Riemann-type integral |9^ for Af^ with X = i> + fi and 
P^'^, 12C, as the input gives 



'^^(^^-ir, (125) 



|arg(Z — z)\ < TT, Re(i' + 1) > 0. With z ~ cosh0, Z = coshfl', this becomes 
P.-(cosh.) . ^2- ^(;+;+^) sinh^. 

,„,,,„, (co.h.-- el .t^..^ ""-"""' <'^'=' 

where — tt < arg(cosh6'' — coshf?) < tt. 

We can obtain further integral representations for Qf^ and PI!' using the Weyl-type integrals for 
in |l] and |3[ respectively. Thus, using ^ with the input function Qi^^, |113| and A = — /i + ^, 
we find that 

x(z^-ir-/^/ (z+v/^^)"^'^ (127) 

J(oo,0+,oo) - Z) ^+2 V / 

By changing to the angular variables z — coshfl, Z = cosh^' and integrating once by parts, this can 
be rewritten as 



e--Q(;(cosh.) ^ 



x(sinh6l)-^ /" de''(cosh6i'-cosh6l)^-5e-('^+^)»' (128) 

J(oo.e+.oc) 



' (oo,^? + ,oc) 

r(i/ + /i + i) /7 



r(/i + i)r(i^-/i + i) V 2 

x(sinh6l)"^ / d6l'(cosh6l' -cosh6')''-^e-(''+5)^'. (129) 
Je 

The first expression holds for Re(i^ — /i + 1) > 0, and the second with the additional constraint that 
Re/i > —1/2. The same results can be obtained without the partial integration by starting with 
(5,y and A = — /i — i. 
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Note that the integral in the expression 128 for is the same as that in the expression for Q^^ ^ 
obtained from 116 with the replacement /i — /i. Comparison of the two results shows that 



V{v - /i + 1) 



(130) 



as expected. 

A similar calculation using ^ with the input function Pj^^ and A = /i + gives the integral 
representation 



P-'' (cosh 61) 



1^ 



r(Ai + i) 



27ri 

X sinh^ I 



cosTTz^ r(— J/ + \x)V(y + /i + 1) 
dB' 



jsinh(i^+ -)6'', 

(oo,9+,oo) (coshS' - cosh6')^+2 2 



(131) 



valid for Re(/^ ±{v + \)^\)>Q. 

In contrast to the case of M^, the input functions QJ^"*"^ and P"*^, |119| and 12C, do not give 
useful results for because of the appearance of infinite coefficients in |81| and 83 , The problem 
arises from the recurrence relation connected with the action of The coefficient of F^^^^ in pO| 
vanishes for = — i/or/i = i/+l, and all information about Fj^^^ is lost for those values of /z. 

There are no Riemann-type relations or corresponding integral representations involving Adh. ■ 



9.2 Representations using and 

The fractional operator relation K^x^Flf = N'^x''+^F|^_^^^ gives integral representations for the 
associated Legendre functions when used with Pq or Qq as the input function. Thus, using Pq, |5^, 
in 101 and replacing A by in the result, we find that 

y \ 



Pi: 



+ (,^-i)(-+^)/^ 

2m 1 (j/ — /J, + 1) 



dY 



1 



{Y + ^Jy^ - \Y 



for Re(i^ — /i + 1) > 0. A change to the angular variables y = coshi^, Y = cosh(/)' gives 
P,^(coth0) = :^e- Z^^^ + l^^ (sinh0)-+^ 



(oo,0+,oo) (cosh(/)' - cosh0)'"+i 



Finally, using Pq, |5^, in 



104 



27ri r(j/-/i+l)^ ^ 



du 



(oo.0+,oo) u''+^ yjv? + 2zu + 1 



(z + M + ^1*2 + 2zit+ 1)^, 



which reduces for = to 



(oo,0+,oo) W'^^ + 22^ + 1 ^ 



(132) 



(133) 



(134) 



(135) 
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Re(t/ + 1) > 0. 

We get similar integral representations for Q{j by using the expression ^ in 100 104. Thus, in 
terms of the angular variable z = coth 

QM(eoth^) = -^e— -i^^^^±il--^(sinh0)"^+i 

ZTTl 1 (l^ — /i + 1) SmTT/^ 

" y(oo,..,oc) (cOSh<^'-COsh0)-l (1^^) 

Re(z^±^ + 1) > 0. 

The Weyl-type relation |11C| for P^x^ P^{z) with v = Q reduces after the use of the relation 
P(5'(coth0') = e'^'^ /r(l— /i), the change of variables ?/ — coshc/), Y = cosh0', and a partial integration 
to 



1 „..(A-i) r(A) 

(137) 



F'',(coth0) = ^e^^(^-i)— !-^sinh^ 



(cxD,(/)+,CXd) 



(cosh (/)' — cosh ( 



Re(A — //) > 0. The right hand side of this expression is the same for the choice A = + 1 as 
that in the expression |133| for P^, and we find that F^^_;^(coth(/)) = P^(coth(/)) as expected. This 
symmetry relation is a consequence of the relation 

-N'_{v,y.,v + \)N'^{,^,ii,v)\ /i^ = 0, (138) 



where the coefficients N'j^ and N'_ given in|92 and 109 follo w fro m the stepping relations in so(2,l). 

The corresponding Weyl-type relation for P^x"Q^(z) in 111 involves an extra term, and will not 
be given. 

The Riemann-type relation for P^x^Q^ obtained by using |6^ in |112| gives the further integral 
representation 

Q^,(coth</-) = -Lr(A)^^^±^l±llsinh^0 

(o,0+.o) (cosh0' - cosh0)-^ 

where the p hase of t he d enominator it to be taken between — tt and tt. While the form of the 
integrands in 136 and 139 is the same for the choice A = + 1 in the latter, the integration contours 
are different, and the difference between the and Q'^^_i involves an admixture of P^. 

9.3 Double-integral representations 

Combinations of the foregoing results give a number of double-integral representations for the asso- 
ciated Legendre functions according to the fractional relations 

M^K^x'^t^F'^iz) - N±{,y + X,^i,X')N[i,y,^,,X)x^+H^^^'Fl>f^^'{z), (140) 

M^Pix'^t^F'^iz) = N±i,y^X,^i,X')NUi^,^x,X)x-'-H^^^'Fl'!_Yiz), (141) 

K^M^x'^t^Fl^iz) = N',i,.,^,±X\X)N±{,.,^,,X')x^'+H^^^'Fllfiz), (142) 

P.Hl^x'^t^Fl^iz) = N',il.,^,±X',X)N±i,.,^,,X')x^''H^^^'F'f_i^'{z), (143) 
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and similar relations for other products of the operators M^, K^, and P^. The appropriate defini- 
tions of the operators and the coefficients depend on the input functions. We will give only a few 
examples. 

We first obtain a double integral for Pjf using the operator M'^K!^. We start with |14C| with 
Pq = 1 as the input function. The action of gives P", 135, where we have suppressed the factor 
x'^ in 14C . Acting a second time with and suppressing the resulting factor gives, through |9l| , 

1 



dZ 



m/2 



du 



1 



dt 



z + 1 
z - 1 



m/2 



du 



(o,i+,o) (t - 1)^+' 7(oo,o+,oo) W^^' ^{u+l)^ + 2tu{z-iy 
Re(z^ + 1) > 0. The second form follows from the substitution Z = 1 + {z — l)t. 



(144) 



(145) 



Note that the dependence of Pjf on z/ and /i is separated in the two integrals in 144 and 145. 
This will also be true in the following examples. 

A similar calculation starting with Qq{z) and using p^and[7^ gives 



^_e-(-+AOr(^ + l)(z2 - 1)^^/2 

(ZTTl)"^ 



dZ 



du 



(oo,0+,oo) W'^+l + 2ZU + 1 



In 



(oo,z+,oo) ~ 2:)^+^ 

U + Z + + 2Zu + 1 



(146) 



Re(i/ + 1) > 0, Re(iy + + 1) > 0. 

If we consider M^M^P^''(z), use 120 and ^ to get an expression for P^ as in 125, and then 
use ^ again, we find that 



-i^2-'T(^ + l)(z^-l)''/2 
(27ri)'^ 



dZ 



(z' - z)M+i J^,^^,^ ,^ {z - zr+' 



(27ri) 



22--r(^ + i) 

dt 



z + 1 
z- 1 



p/2 



(o,i+.o) Aoa+.o) (^-l)''+i 



u"" 1 + tu- 



z - 1 



(147) 



(148) 



Re(i^ + 1) > 0. Similarly, the expression for M'^My ^Q^^^ obtained by using 123 and [t^ reduces 
to 



'g(;(z) = ^^e^-(M--)2--^r(Ai + l)(z2- 1)^/2 
(27rz)^ " 



I 



smTTi/ 
dZ 



(oo,z+,oo) — 2;)^+^ J(oo,Z+,oo) {Z — I) 



(149) 



1 1 

2 (27ri) 



T-(/J-iy) _ 



-r(A* + i) 



z + 1 

z- 1 



m/2 
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dt 



I (oo,l+-oo) 

1 1 



{t-l) 



M+1 



2 {2mf 



Z7r(/i — i^) 



TT 



dt 



(oc,l+-oc) 



-r(M + i) 



z + 1 



m/2 



z - 1 

1^+1 



-tu 



(150) 



;z - 1 



(0,1+, 0) ~ 1)'""'"^ J(0,l+,0) 



z - 1 



-tu 



(151) 



Re(z^ + /i + 1) > 0. The second expression follows from the first through the substitutions Z' = 
1 + u{Z — 1), Z = 1 + t{z — 1). The last expression then follows from the replacements u ^ 1/u, 
i — > 1/t, with a change in the phases so that |arg(/: — 1)|, |arg(u — 1)| < tt in the final result. 

As a final example, we obtain a double integral for Q^J using K!^P^ ^ and an input function 



119 



Using 112 and 101, we find after some changes of variable that 

r(z/ + i)r(/i + i) , 



y 



1 

(2^) 



i\2 



(oo,i+,oo) {t~ir+^ 

(o,i+,o) (w- 1)'' 



TT 

siuTTi^ r(z/ - M + i)r(/^ + 5" 

1 \ -1/2 

1+^t 



y-1 



(152) 



1 + -tu" 



10 Remarks 

The results obtained here demonstrate the utility of fractional operators in deriving relations for 
the associated Legendre functions F^. Standard discussions ||l|, ||, |j show that those functions 
give unitary representations of the Lie groups S0(2,l) or S0(3) for special values of 1/ and /z, with 
the groups typically acting as symmetry groups in applications where Legendre functions appear 
naturally. The operators M± in the Lie algebra of so(2,l) and K3 and P3 in its conformal extension 
generate changes in v and fj, in integer steps when acting on those representations. We have been 
concerned here only with realizations of the algebras through differential operators, and are able in 
that context to define fractional operators which change v and /i by arbitrary amounts. Thus, general 



functions and Q'^ can be constructed as in 14-4 and 146 starting with the trivial realizations 



Pq = Qo — k [(^ + ~ 1)] oi' from other special cases. 

The results on Bessel functions derived in Q using fractional operator methods can also be 
derived as limiting cases of results here. The connection occurs geometrically through a Wigner- 
Inonii contraction in which we consider infinitesimal transformations in S0(2,l) near the apex 
of the hyperboloid at z = cosh6' = 1. These are equivalent for 6 suflaciently small to E(2) 
transformations in the tangent plane to at = 0. If we scale the angles with 9 d/v and 
consider the limit v ^ oo, the associated Legendre equation |l^, reduces to the hyperbolic Bessel 
equation 

d^ Id \ 

' ^ 1 Z^(^)=0, (153) 



ddd 

and the Bessel functions appear as confluent limits of the Legendre functions 

iJd) = lim v^'p-^' ( cosh - ) , KJd) = lim t/^^e-^^Q^: [ cosh - ) , (154) 
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1^ 7.8(1,4). In the same limit, the so(2,l) operators M± become multiples of the e(2) stepping 
operators P± used in 

M+ = -e'-^ide +icoth9d^) v {-tdi) + ^—d^ = iyP+, (155) 

M_ = e-''''{dg~icoth9d^)^i'(^jdg + ^dt^ =uP^, (156) 

where P = (Pi, P2) is the translation operator in the plane. The generator M3 of rotations around 
the axis of is the same as the generator J3 of rotations in the tangent plane defined in ||], 
— J3. Upon scaling the group parameter or hyperbolic angle u in with u —f u/iy, we find 
that the fractional operators AI^ transform as 



27I"i 7(oo,0+,oc, 

The extra factors of v are absorbed in the conformal limit, and relations given here for Legendre 
functions become relations for Bessel functions when the limit exists. As an example, the relation 
Af^t^e""^Q[;(cosh6') = f^+^e-'^'^i'+^Qi^+^icoshe), which gives ||for Legendre functions, becomes 
Pft'^Kf.i-d) = tt^+^Kf.+xi'ff) for 9 ^ -d/v, v ^ 00, and gives the relation 

K.-^.m ^ -^e-^r(A + l) ' du f ^ 



xKf,{^/d^ + 2u^). (158) 

This is equivalent to equation 3.44 of or, for Re A < 0, to the known fractional integral Q|, 
13.2(59). 

The methods discussed here can clearly be generalized to other special functions and their associ- 
ated groups [Q, for example, the Gegenbauer Hermite or parabolic cyhnder, Whittaker, Laguerre, 
and Jacobi functions. There are also intriguing second-order differential operators which have the 
properties of stepping operators in Lie algebras ^ |l3[ [ij, |l^ and can be exponentiated and 
integrated formally to obtain fractional operators, but the explicit action of the exponentials is not 
known in general. 
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